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A PROOF OF GROTHENDIECK’S BASE CHANGE THEOREM
E. TENGAN
Abstract. We give an elementary short proof of Grothendieck’s base change
theorem for the cohomology of flat coherent sheaves.
1. Introduction
The purpose of this note is to give a short alternative proof of
Theorem 1.1 (Grothendieck). Let f : X → Y be a proper map of noetherian
schemes, and F be a coherent sheaf on X which is flat over Y . For y ∈ Y let
Xy = X ×Y Specκ(y) be the fiber of y, and Fy be the pullback of F to Xy.
(a) The base change map
ϕp(y) : Rpf∗F ⊗OY κ(y)→ H
p(Xy,Fy)
is surjective if and only if it is an isomorphism.
(b) Suppose that ϕp(y) is surjective. Then the following conditions are equivalent:
(i) ϕp−1(y) is also surjective;
(ii) Rpf∗F is a free sheaf in a neighborhood of y.
Furthermore, if these conditions hold for all y ∈ Y , then the formation of
Rpf∗F commutes with arbitrary base change.
The traditional proofs found in [Har77] (theorem 12.11, p.290) and [Gro63]
(the´ore`me 7.7.5, p.67, proposition 7.7.10, p.71, proposition 7.8.4, p.73) rely on
either the formal functions theorem or completion methods (in the spirit of the
proof of the local criterion of flatness). On the other hand, Mumford [Mum08] (§5,
p.46) has given streamlined proofs of all the main results in cohomology of base
change except for above one. Mumford’s methods can be readily adapted to prove
theorem 1.1 as well, and in a quite elementary fashion. Surprisingly, I could not
find any written account thereof; that is the reason why I decided to write one.
2. Linear algebra over local rings
All proofs of results in cohomology of base change are based on the following key
technical result (see [Mum08], §5, p.46):
Theorem 2.1 (The Grothendieck complex1). Let f : X → SpecA be a proper map
of noetherian schemes, and F be a coherent sheaf on X which is A-flat. There
exists a finite complex (F •, d•) of finitely generated A-flat modules such that for
any A-algebra B we have an isomorphism, functorial in B,
Hp(X ⊗A B,F ⊗A B) = H
p(F • ⊗A B)
2000 Mathematics Subject Classification. Primary 14F99; Secondary 13D99.
1No, this is not any disorder suffered by those who unsuccesfully tried to learn scheme theory
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To prove theorem 1.1, since the question is local on Y and all schemes involved are
noetherian, we may assume that Y = SpecA where (A,m, k) is a local noetherian
ring. In particular, the modules F p in the Grothendieck complex will all be free of
finite rank (recall that over a noetherian local ring, a finitely generated module is
flat if and only if it is projective if and only if it is free, see [Mat89], theorem 7.12,
p.52). We may now write the base change map as
ϕp = ϕp(m) : Hp(F •)⊗A k → H
p(F • ⊗A k)
which reduces everything to proving the “linear algebra” lemmas below.
We first make a simple remark regarding bases of a free module F of finite rank
n over a local ring (A,m, k). Denoting by a bar the reduction modulo m,
e1, . . . , en ∈ F is an A-basis ⇐⇒ e1, . . . , en ∈ F ⊗A k = F/mF is a k-basis
In fact, clearly F =
⊕
1≤i≤n Aei =⇒ F ⊗ k =
⊕
1≤i≤n kei; conversely, writing
the ei =
∑
1≤j≤n aijfj (aij ∈ A) in terms of an A-basis fj of F , we have that the
matrix (aij) is invertible since both the ei and the f i form k-bases of F/mF , hence
det(aij) 6= 0 ∈ k ⇐⇒ det(aij) ∈ A
×, showing that (aij) is also invertible, and
therefore the ei also form an A-basis of F .
Lemma 2.2. Let (A,m, k) be a local ring, and d : F → F ′ be a map of free A-
modules of finite rank. There exist decompositions
F = V ⊕W F ′ =W ′ ⊕ U
such that d(V ) ⊆ mF ′ and d restricts to an isomorphism d : W
≈
→ W ′. In other
words, there exist A-bases of F and F ′ with respect to which
d =
(
Ms×r Ids×s
Nt×r 0t×s
)
with all entries of M , N belonging to m.
Proof. Consider the k-linear map d⊗1: F⊗Ak → F
′⊗Ak, and choose e1, . . . , er+s ∈
F so that e1, . . . , er+s is a k-basis of F ⊗A k, with the first r vectors generating
ker(d⊗1). Hence d(er+1), . . . , d(er+s) ∈ F
′⊗Ak = F
′/mF ′ is a k-basis of im(d⊗1).
By the above remark, the ei form an A-basis of F , and we may find an A-basis
f1, . . . , fs+t of F
′ with f1 = d(er+1), . . . , fs = d(er+s). Now set
V = Ae1 ⊕ · · · ⊕Aer W = Aer+1 ⊕ · · · ⊕Aer+s
W ′ = Af1 ⊕ · · · ⊕Afs U = Afs+1 ⊕ · · · ⊕Afs+t
and we are done. 
Lemma 2.3. In the notation above, the following conditions are equivalent:
(i) ϕp is an isomorphism;
(ii) ϕp is surjective;
(iii) dp can be put in matrix form
dp =
(
0 Id
0 0
)
for some choice of A-bases of F p and F p+1.
(iv) ker dp and im dp are direct summands of F p and F p+1, respectively (in par-
ticular, they are free since A is local noetherian).
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Proof. Clearly (i)⇒ (ii) and (iii)⇔ (iv). Next, observe that (F •⊗A k, d
•⊗1) can
be written as
· · · ✲
F p−1
mF p−1
d
p−1
✲
F p
mF p
d
p
✲
F p+1
mF p+1
✲ · · ·
and the base change map ϕp : Hp(F •)⊗A k → H
p(F • ⊗A k) as the natural map
ϕp :
ker dp
im dp−1 +m ker dp
→
(dp)−1(mF p+1)
im dp−1 +mF p
(∗)
This shows that (iii)⇒ (i): if F p = V ⊕W is the corresponding decomposition in
(iii) with V = ker dp, we have
(dp)−1(mF p+1)
im dp−1 +mF p
=
V ⊕mW
im dp−1 +mV ⊕mW
=
V
im dp−1 +mV
since im dp−1 ⊆ V = ker dp, and thus ϕp is an isomorphism.
Finally, to prove that (ii)⇒ (iii), notice first that from (∗) we get
ϕp is surjective ⇐⇒ ker dp +mF p = (dp)−1(mF p+1) (∗∗)
Now applying the previous lemma to dp, there are decompositions F p = V ⊕W
and F p+1 =W ′ ⊕ U with respect to which dp has matrix
dp =
(
M Id
N 0
)
where all entries of M and N belong to m. Therefore
(dp)−1(mF p+1) = V ⊕mW and ker dp = {(v,−Mv) ∈ V ⊕W | Nv = 0}
and the right hand side of (∗∗) becomes
kerN +mV = V
Nakayama
⇐⇒ kerN = V ⇐⇒ N = 0
But now ker dp = {(v,−Mv) ∈ V ⊕W | v ∈ V } is a free summand of F p, and a
final change of basis puts dp in the desired format: just right multiply it by the
following invertible matrix, whose columns on the left form a basis of ker dp.(
Id 0
−M Id
)

Lemma 2.4. Suppose that ϕp is surjective. Then the following are equivalent:
(i) ϕp−1 is surjective;
(ii) Hp(F •) is free.
Furthermore, if these conditions hold, then Hp(F •)⊗A B = H
p(F • ⊗A B) for any
A-algebra B.
Proof. Since ϕp is surjective, by the previous lemma kerdp is free, hence replacing
F p by ker dp we may assume that dp = 0, and we have exact sequences
0 ✲ im dp−1 ✲ F p ✲ Hp(F •) ✲ 0
0 ✲ ker dp−1 ✲ F p−1
dp−1
✲ im dp−1 ✲ 0
Now if ϕp−1 is surjective, then by the previous lemma Hp(F •) = F p/ imdp−1 is
free. Conversely, suppose Hp(F •) is free. Then the first sequence splits, showing
that im dp−1 is free, and thus the second sequence splits as well. Therefore both
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kerdp−1 and im dp−1 are direct summands of F p−1 and F p respectively, and by the
previous lemma ϕp−1 is surjective.
Finally, Hp(F •)⊗AB = H
p(F •⊗AB) ⇐⇒ (coker d
p−1)⊗AB = coker(d
p−1⊗1)
also directly follows from the matrix form of dp−1 in (iii) of the previous lemma. 
3. A useful corollary
For completion, we include one of the main applications of theorem 1.1, namely
the following corollary, “which is extremely useful, but which is unfortunately buried
there [in EGA III] in a mass of generalizations” ([MFK94], p.19).
Corollary 3.1. Let f : X → Y be a proper map of noetherian schemes, and F be
a coherent sheaf on X which is flat over Y . If H1(Xy,Fy) = 0 for all y ∈ Y , then
(a) R1f∗F = 0
(b) f∗F is a locally free OY -module, whose formation commutes with arbitrary base
change.
Proof. By theorem 1.1(a) applied with p = 1, R1f∗F ⊗OY κ(y) = 0 for all y ∈ Y ,
and since R1f∗F is coherent (Serre’s theorem, see [Gro61], the´ore`me 3.2.1, p.116),
R1f∗F = 0 by Nakayama’s lemma. Now by theorem 1.1(b) applied with p = 1, we
have that ϕ0(y) is surjective for all y ∈ Y . Finally, applying theorem 1.1(b) again
with p = 0 finishes the proof: ϕ−1(y) is an isomorphism since both Rpf∗F⊗OY κ(y)
and Hp(Xy,Fy) vanish for p = −1 (alternatively, it is easy to check that H
0(F •)
is free directly: since R1f∗F = 0, the Grothendieck complex is exact at p = 1,
and since ϕ1 is an isomorphism, kerd1 = im d0 is a direct summand of F 1, hence
free; now the exact sequence 0 → ker d0 → F 0 → im d0 → 0 splits, showing that
kerd0 = H0(F •) is free). 
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